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Abstract 

In this paper, the authors carefully examine a pursuit-evasion differential game problem involving multiple 

number of pursuers and one evader in the Hilbert space 𝑙2 . Players' motions obey certain first-order differential 

equations. Control functions of the pursuers and evader are subject to integral and geometric constraints 

respectively. The payoff function is the infimum of the distance between evader and closest pursuer when the 

game comes to an end at a fixed time 𝜃 which is termed as duration of the game. During the course of the game, 

pursuers try to minimize the payoff and the evader tries to do the opposite. The authors obtain the value of the 

game and construct optimal strategies of the players. The results are established through the construction of 

attainability domains and the solution of an auxiliary game involving one pursuer and one evader. Conditions are 

obtained under which the pursuer can guarantee equality of the states at the terminal time, and these conditions 

are then extended to the multi-pursuer setting. A positive number 𝜙 is introduced, defined as the infimum of all 

shifts 𝑙 for which the evader's attainability ball is covered by the union of the pursuers' shifted attainability balls. 

Under a geometric condition on the initial positions, this number is shown to coincide with the value of the game. 

An illustrative example in 𝑙2 is presented to demonstrate the applicability of the established results. 

Keywords: Pursuit–evasion differential games; multi-agent systems; integral control constraints; geometric 

control constraints. 

1. Introduction 

A considerable body of research has been devoted to pursuit- evasion differential games in which several pursuers 

attempt to capture one evader in finite and infinite dimensional spaces. Particular attention has been given to 

games formulated in Hilbert spaces, such as 𝑙2 , where the player's controls are subject to various constraints. 

These constraints include integral, geometric, generalized integral, and, more recently, Grunall- type constraints. 

Among the works that have contributed to the development of this area are [1]- [13], [26]- [28], and the references 

therein. 

In most of the aforementioned studies, the motion of the players is governed by first- order differential equations 

of the form 

{
𝑃𝑖: 𝑥̇𝑖 = 𝑎(𝑡)𝑢𝑖(𝑡), 𝑥𝑖(0) = 𝑥𝑖0, 𝑖 = 1,2, … ,

𝐸: 𝑦̇ = 𝑏(𝑡)𝑣(𝑡), 𝑦(0) = 𝑦0,
 (1.1) 
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1 where 𝑢𝑖(𝑡) and 𝑣(𝑡) are the control functions of the pursuers and evader, respectively, while 𝑎(𝑡) and 𝑏(𝑡) are 

scalar measurable functions satisfying appropriate conditions. Depending on the particular problem under 

consideration, the control functions are subject to integral or geometric constraints. A major objective in many of 

these studies is to determine the value of the game and construct optimal strategies for the players.Several studies 

have considered pursuit- evasion differential games governed by the dynamics in (1.1) under integral and 

geometric constraints. For example, a differential game involving a finite number of pursuers and a single evader 

was investigated in [32]. In that study, 𝑎(𝑡) = 𝑏(𝑡) = 1 , while the control functions of the evader and some of 

the pursuers are subject to integral constraints and those of the remaining pursuers are subject to geometric 

constraints. The payoff is defined as the distance between the evader and the closest pursuer at the termination 

time of the game. The authors constructed optimal strategies for the players and determined the value of the game. 

A related problem was considered in [27], where the value of the game was obtained using different optimal 

strategies for the players. 

Ibragimov [12] studied a pursuit- evasion differential game involving many pursuers and one evader in the Hilbert 

space 𝑙2 . The player's dynamics are described by (1.1) with 𝑎(𝑡) = 𝑏(𝑡) = 1 , and the control functions are 

subject to geometric constraints. Optimal strategies were constructed and the value of the game was obtained. The 

same class of problems was subsequently investigated under integral constraints in [11] and [23], where similar 

results were established. The papers [9], [10], and [13] also considered pursuit- evasion differential games 

governed by (1.1), with 𝑎(𝑡) = 𝑏(𝑡) = (𝜃 − 𝑡) , where 𝜃 denotes the duration of the game. Different types of 

constraints were imposed on the player's control functions in these studies. In each case, optimal strategies were 

constructed and the value of the game was determined. 

Adamu et al. [1] investigated a pursuit- evasion differential game governed by (1.1) in a Hilbert space, with 

integral constraints imposed on the player's control functions. In their formulation, 𝑎(𝑡) = 1 and 𝑏(𝑡) = 𝜃 − 𝑡 . 

Under appropriate conditions, the authors determined the value of the game and constructed optimal strategies for 

the players. In [2], a related game with 𝑎(𝑡) = 𝑏(𝑡) and geometric constraints on the player's control functions 

was studied. Conditions for determining the value of the game were established, and optimal strategies were 

constructed. Ahmed [32] considered a pursuit problem involving a finite number of players on a closed convex 

subset 𝐾 of ℝ𝑛 , with generalized integral constraints imposed on the player's control functions. These studies 

demonstrate the broad range of constraint structures that have been incorporated into pursuit- evasion differential 

games. 

More recently, Grnwall- type constraints have been introduced into pursuit- evasion differential games. Such 

constraints provide a framework that incorporates not only restrictions related to the instantaneous magnitude or 

speed of a player's control but also information associated with the accumulated energy of the control.Rilwan et 

al. [33] studied a fixed duration pursuit- evasion differential game involving one pursuer and one evader, with 

Grnwall- type constraints imposed on the control functions of all players. The player's dynamics were governed 

by simple differential equations. The authors established sufficient conditions under which pursuit can be 

completed and evasion is possible. They also constructed attainability domains and optimal strategies for the 

players. 

In [34], Rilwan et al. investigated the value of a fixed duration pursuit- evasion differential game involving 

countably many pursuers and one evader under Grnwall- type constraints. The Grnwall- type constraint was 

considered as a generalization of the classical geometric constraint imposed on the player's control functions. The 

authors constructed the attainability domain of the players and used the resulting strategies to establish an estimate 

for the value of the game.Gbande et al. [6] further contributed to this line of research by studying pursuit problems 

involving multiple players under combined geometric and Grnwall- type constraints. Sufficient conditions for 

successful pursuit were established.Other related studies have considered different constraint structures and 

infinite dimensional formulations. Borodo et al. [5] investigated a pursuit differential game in the sequence 

space 𝑙∞ , in which both the state trajectories and control functions of the players are defined in 𝑙∞ . The model 

consists of finitely many pursuers and a single evader, with componentwise integral constraints imposed on the 

player's control functions. The authors established conditions under which permissible pursuer strategies exist that 

guarantee capture, namely, 𝑥𝑖(𝜃) = 𝑦(𝜃) for some 𝑖 ∈ {1, 2, … , 𝑚} at a certain time 𝜃 > 0 . 

In a related study, Badakaya et al. [4] considered pursuit problems in the Hilbert space 𝑙2 involving multiple 

pursuers and a single evader. The pursuers were governed by second- order dynamics, whereas the evader was 

described by a first- order differential equation. Sufficient conditions for capture in the 𝑙 - sense were obtained, 

and piecewise strategies were constructed for the pursuers.  Umar et al. [35] studied a pursuit differential game 

governed by an infinite system of binary differential equations in the Hilbert space 𝑙2 , with geometric constraints 
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imposed on the players' control functions. By constructing an optimal pursuer strategy, the authors derived 

estimates for the guaranteed time required to drive the system state to the origin. 

More recently, Ibragimov et al. [7] considered differential games involving multiple pursuers and one evader 

under particular forms of integral constraints. These results further demonstrate the increasing importance of 

infinite dimensional and multi- player formulations in the study of pursuit- evasion problems.Although substantial 

progress has been made in the study of pursuit- evasion differential games, most existing results have focused on 

relatively simple first- order dynamics of the form (1.1), together with integral, geometric, generalized integral, 

or Grunall- type constraints considered separately or in selected combinations. Moreover, many of the available 

sufficient conditions for successful pursuit or evasion are based on comparisons between the maximum speeds or 

maximum energies of the pursuers and the evader. In this piece of research, we study pursuit- evasion differential 

game problem described by (1.1) in a Hilbert space 𝑙2 with control functions of the pursuers subject to integral 

constrains. Whereas, geometric constraint is imposed on the control function of the evader. This problem is 

missing in the literature and it excludes bases of comparison between maximum energy of the pursuers to that of 

the evader or comparison between the maximum speeds of the two opposing players. This is because of the 

different types of constraints on control functions considered for the two groups of players. 

2. Problem Formulation 

Consider the Hilbert space 𝑙2 = {𝑥 = (𝑥1, 𝑥2, … ): ∑ 𝑥𝑛
2∞

𝑛=1
< ∞} , with inner product ⟨⋅,⋅⟩: 𝑙2 × 𝑙2 → 𝑅 and 

norm ∥⋅∥: 𝑙2 → [0, +∞) , defined as follows: 

⟨𝑥, 𝑦⟩ = ∑ 𝑥𝑛

∞

𝑛=1

𝑦𝑛 ,  ∥ 𝑥 ∥= (∑ 𝑥𝑛
2

∞

𝑛=1

)

1/2

, 

 

where 𝑥, 𝑦 ∈ 𝑙2 

In what will follow we shall denote a ball and sphere each centered at 𝑎 and with 

radius 𝑟 by 𝐵𝑟(𝑎) and 𝑆𝑟(𝑎) respectively. That is 𝐵𝑟(𝑎){𝑥 ∈ 𝑙2: ∣∣ 𝑥 − 𝑎 ∣∣≤ 𝑟} and 𝑆𝑟(𝑎){𝑥 ∈ 𝑙2: ∣∣ 𝑥 − 𝑎 ∣∣=
𝑟} .  

Also we let 𝐶(0, 𝜃, 𝑙2) be the space of functions 𝑔(𝑡) = (𝑔1, (𝑡), 𝑔2, (𝑡), … 𝑔𝑗(𝑡) …  ) ∈ 𝑙2 𝑡 ≥ 0 , such that the 

following conditions hold: 

(a) 𝑔𝑗(𝑡) , 0 ≤ 𝑡 ≤ 𝜃 , 𝑗 = 1,2, … , are absolutely continuous functions; 

(b) 𝑔(𝑡) , 0 ≤ 𝑡 ≤ 𝜃 , is a continuous function in the norm of 𝑙2 

Let the players move according to the following first- order differential equations: 

{
𝑃𝑖 : 𝑥̇𝑖 = 𝑎(𝑡)𝑢𝑖(𝑡), 𝑥𝑖(0) = 𝑥𝑖0 , 𝑖 ∈ 𝐼,

𝐸: 𝑦̇ = 𝑏(𝑡)𝑣(𝑡), 𝑦(0) = 𝑦0,
 (2.1) 

where 𝑃𝑖 , 𝑖 ∈ 𝐼 = {1, 2, … } is the 𝑖𝑡ℎ pursuer; 𝐸 is the evader; 𝑥𝑖 , 𝑥𝑖0, 𝑢𝑖, 𝑦, 𝑦0, 𝑣 ∈ 𝑙2 𝑢𝑖 = (𝑢𝑖1, 𝑢𝑖2, … ) is a 

control parameter of the 𝑖𝑡ℎ pursuer and 𝑣 = (𝑣1, 𝑣2, … ) is that of the evader 𝐸 . Additionally, 𝑎(𝑡) and 𝑏(𝑡) are 

positive scalar measurable functions on [0, 𝜃] that satisfied the following conditions: 𝑏(𝑡) ≤ 𝑎(𝑡),  ∀𝑡 ∈
[0, 𝜃] and 

𝐴 = (∫ 𝑎2
𝜃

0

(𝑡)𝑑𝑡)

1
2

< ∞, 𝐵 = (∫ 𝑏2
𝜃

0

(𝑡)𝑑𝑡)

1
2

< ∞. 

 

Definition 2.1. A function 𝑢𝑖(⋅) 𝑢𝑖: [0, 𝜃] → 𝑙2 with Borel measurable coordinates 𝑢𝑖𝑘 𝑘 = 1,2, … , such that 

∫ ∣
𝜃

0

∣ 𝑢𝑖(𝑡) ∣∣2 𝑑𝑡 ≤ 𝛽𝑖
2,  (2.2) 

 

where 𝛽𝑖 is a positive number, is referred to as admissible control of the 𝑖𝑡ℎ pursuer subject to integral constraints. 

Definition 2.2. A function 𝑣(⋅) 𝑣: [0, 𝜃] → 𝑙2 with Borel measurable coordinates 𝑣𝑘(𝑡) 𝑘 = 1,2, … , such that 

∣∣ 𝑣(𝑡) ∣∣≤ 𝛾,  𝑡 ≥ 0 (2.3) 
 

where 𝛾 is a positive number, is referred to as admissible control of the evader 𝐸 subject to geometric constraints. 

If the pursuers 𝑃𝑖  and evader 𝐸 choose their admissible controls 𝑢𝑖(⋅) and 𝑣(⋅) respectively, the solutions to the 

equations in (2.1) are given by: 
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𝑥𝑖(𝜃) = 𝑥𝑖0 + ∫ 𝑎
𝜃

0

(𝑠)𝑢𝑖(𝑠)𝑑𝑠,

𝑦(𝜃) = 𝑦0 + ∫ 𝑏
𝜃

0

(𝑠)𝑣(𝑠)𝑑𝑠.

 (2.5) 

 

One can readily see that 𝑥𝑖(⋅), 𝑦(⋅) ∈ 𝐶(0, 𝜃, 𝑙2) 

Definition 2.3. The payoff of the game is the infimum of the distances between the evader and the pursuers 

at 𝜃 and is given by 

Ψ(𝑢𝑖 , 𝑣) = inf
𝑖∈𝐼

∣∣ 𝑥𝑖(𝜃) − 𝑦(𝜃) ∣∣. 

 

The target of the pursuer is to minimize the payoff, and that of the evader is to maximize it. 

Definition 2.4. A strategy of the 𝑖𝑡ℎ pursuer is a function 𝑈𝑖(𝑡, 𝑥𝑖 , 𝑦, 𝑣(𝑡)) 𝑈𝑖: [0, 𝜃] × 𝑙2 × 𝑙2 × 𝑙2 → 𝑙2 , such that 

the system 

{
𝑥̇𝑖 = 𝑎(𝑡)𝑈𝑖(𝑡, 𝑥𝑖 , 𝑦, 𝑣(𝑡)), 𝑥𝑖(0) = 𝑥𝑖0,

𝑦̇ = 𝑏(𝑡)𝑣(𝑡), 𝑦(0) = 𝑦0

 (2.6) 

has a unique solution (𝑥𝑖 , (⋅)𝑦(⋅)) with 𝑥𝑖(⋅), 𝑦(⋅) ∈ 𝐶(0, 𝜃, 𝑙2) , for arbitrary admissible control 𝑣(⋅) of the 

evader 𝐸 . A strategy 𝑈𝑖 is said to be admissible if each control formed by the strategy 𝑈𝑖(𝑡, 𝑥𝑖 , (𝑡), 𝑦(𝑡)𝑣(𝑡)) is 

admissible. 

Definition 2.5. A strategy of the evader is a function 𝑉(𝑡, 𝑥𝑖 , … , 𝑥𝑚, … , 𝑦) , 𝑉: [0, ∞) × 𝑙2 … ,× 𝑙2, … ,× 𝑙2 → 𝑙2 , 

such that the system 

{
𝑥̇𝑖 = 𝑎(𝑡)𝑢𝑖, 𝑥𝑖(0) = 𝑥𝑖0,  𝑖 ∈ 𝐼

𝑦̇ = 𝑏(𝑡)𝑉(𝑡, 𝑥1, … , 𝑥𝑚 , … , 𝑦), 𝑦(0) = 𝑦0,
 (2.7) 

 

has a unique solution (𝑥𝑖 , (⋅)𝑦(⋅)) and that 𝑥𝑖(⋅), 𝑦(⋅) ∈ 𝐶(0, 𝜃, 𝑙2) , for arbitrary admissible controls 𝑢𝑖 =

𝑢𝑖(𝑡) , 0 ≤ 𝑡 ≤ 𝜃 , of the pursuers 𝑃𝑖  . A strategy 𝑉 of the evader is said to be admissible if each control formed 

by this strategy is admissible. 

Definition 2.6. Optimal strategies of the pursuers are strategies 𝑈𝑖 , 𝑖 ∈ 𝐼 such that 

inf
𝑈𝑖,𝑖∈𝐼

Φ1(𝑈1, 𝑈2, … ) = Φ1(𝑈1, 𝑈̅2, … ), 

 

where Φ1(𝑈1, 𝑈2, … ) = sup𝑣(⋅)inf𝑖∈𝐼 ∣∣ 𝑥𝑖(𝜃) − 𝑦(𝜃) ∣∣; 𝑈𝑖(⋅), 𝑖 ∈ 𝐼 are admissible strategies of the pursuers 

and 𝑣(⋅) is an admissible control of the evader. 

Definition 2.7. The strategy 𝑉̅ of the evader is said to be optimal if 

sup
𝑉

Φ2(𝑉) = Φ2(𝑉̅), 

 

where Φ2(𝑉) = inf𝑢𝑖(⋅),𝑖∈𝐼inf𝑖∈𝐼 ∣∣ 𝑥𝑖(𝜃) − 𝑦(𝜃) ∣∣ , 𝑢𝑖(⋅) are admissible controls of the pursuers 𝑃𝑖  and 𝑉(⋅) is an 

admissible strategy of the evader. 

It is well known that the game (2.1)- (2.3) has value Δ if Φ1(𝑈𝑖) = Δ = Φ2(𝑉̅) (see, for example, [24]). 

Research question: Find the optimal strategies 𝑈𝑖 , and 𝑉̅ of the pursuers 𝑃𝑖 , 𝑖 ∈ 𝐼 and 𝐸 respectively, and the 

value of the game (2.1)- (2.3). 

3. Attainability Domains 

Proposition 3.1. The attainability domain of the 

(1) pursuer 𝑃𝑖  from the initial position 𝑥𝑖0 at time 𝑡 = 0 until the time 𝜃 is the ball with center at 𝑥𝑖0 and 

radius 𝑅𝑖 = 𝐴𝛽𝑖 . That is 𝐵𝑅𝑖
(𝑥𝑖0) = {𝑥 ∈ 𝑙2: ∣∣ 𝑥 − 𝑥𝑖0 ∣∣≤ 𝐴𝛽𝑖} . 

(2) evader 𝐸 from the initial position 𝑦0 at time 𝑡 = 0 until the time 𝜃 is the ball with center at 𝑦0 and radius 𝑟 =
𝐵𝛾𝜃 . That is 𝐵𝑟(𝑦0) = {𝑥 ∈ 𝑙2: ∣∣ 𝑥 − 𝑦0 ∣∣≤ 𝐵𝛾𝜃} . 

Proof For the proof of (1), we have 
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∣∣∣∣𝑥𝑖(𝜃) − 𝑥𝑖0∣∣∣∣ =
∣
∣
∣
∣
∣

∣
∣
∣
∣
𝑥𝑖0 + ∫ 𝑎

𝜃

0

(𝑠)𝑢𝑖(𝑠)𝑑𝑠 − 𝑥𝑖0
∣
∣
∣
∣

∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣

∣
∣
∣
∣
∫ 𝑎

𝜃

0

(𝑠)𝑢𝑖(𝑠)𝑑𝑠
∣
∣
∣
∣

∣
∣
∣
∣
∣

≤ ∫ ∣∣∣∣𝑎(𝑠)𝑢𝑖(𝑠)∣∣∣∣
𝜃

0

𝑑𝑠

≤ (∫ 𝑎2
𝜃

0

(𝑠)𝑑𝑠)

1
2

(∫ ∣∣∣∣𝑢𝑖(𝑠)∣∣∣∣
2

𝜃

0

𝑑𝑠)

1
2

≤ 𝐴𝛽𝑖 ,

 (3.1) 

 

(here we used Cauchy- Schwartz inequality). 

Let 𝑥̅ ∈ 𝐵𝑅𝑖
(𝑥𝑖0) . If the pursuer 𝑃𝑖  uses the control 𝑢𝑖(𝑠) =

𝑎(𝑠)(𝑥̅−𝑥𝑖0)

𝐴2  0 ≤ 𝑠 ≤ 𝜃 , then we have 

𝑥𝑖(𝜃) = 𝑥𝑖0 + ∫ 𝑎
𝜃

0
(𝑠)𝑢𝑖(𝑠)𝑑𝑠 = 𝑥𝑖0 + ∫

𝑎2(𝑠)(𝑥̅−𝑥𝑖0)

𝐴2

𝜃

0

𝑑𝑠 = 𝑥𝑖0 +
𝑥̅−𝑥𝑖0

𝐴2 ∫ 𝑎2𝜃

0
(𝑠)𝑑𝑠 = 𝑥𝑖0 + 𝑥̅ − 𝑥𝑖0 = 𝑥̅. 

This proves (1). The proof of (2) is similar, with evader's control 𝑣(𝑡) =
𝑏(𝑡)

𝐵2
(𝑦̅ − 𝑦0) . This complete the proof 

of the proposition. 

4.Auxiliary Game 

In this section, we consider differential game problem with one pursuer and one evader (auxiliary game) described 

by the following equations: 

{
𝑃: 𝑥̇1 = 𝑎(𝑡)𝑢1(𝑡), 𝑥1(0) = 𝑥10

𝐸: 𝑦̇ = 𝑏(𝑡)𝑣(𝑡), 𝑦(0) = 𝑦0.
 (4.1) 

 

We define the half space 

Ω = {𝑧 ∈ 𝑙2: 2⟨𝑦0, −𝑥10𝑧⟩ ≤ 𝐴2(𝛽1
2 − 𝛾2𝜃)+∣∣ 𝑦0 ∣∣2 −∣∣ 𝑥0 ∣∣2}, 

 

where 𝛽1 is the maximum energy of the only one pursuer in the auxiliary game. The goal of the pursuer 𝑃1 is to 

ensure the equality 𝑥1(𝜃) = 𝑦(𝜃) and that of evader 𝐸 is the opposite. The problem is to construct admissible 

strategy for the pursuer that ensure the equality 𝑥1(𝜃) = 𝑦(𝜃) for any admissible control of the evader. 

Lemma 4.1. If 𝑦(𝜃) ∈ Ω then there exist a strategy of the pursuer such that 𝑥1(𝜃) = 𝑦(𝜃) in the auxiliary game. 

4.2) is admissible. Indeed, using polarization identity, we have 

∫ ∣
𝜃

0

∣ 𝑢1(𝑠) ∣∣2 𝑑𝑠 = ∫
∥
∥
∥𝑎(𝑠)(𝑦0 − 𝑥10)

𝐴2
+

𝑏(𝑠)

𝑎(𝑠)
𝑣(𝑠)

∥
∥
∥

2
𝜃

0

𝑑𝑠

= ∫
∣∣ 𝑦0 − 𝑥10 ∣∣2

𝐴4

𝜃

0

𝑎2(𝑠)𝑑𝑠 + ∫ 2
𝜃

0

⟨
𝑎(𝑠)(𝑦0 − 𝑥10)

𝐴2 ,
𝑏(𝑠)
𝑎(𝑠)

𝑣(𝑠)⟩ 𝑑𝑠

+ ∫
𝑏2(𝑠)

𝑎2(𝑠)

𝜃

0

∣∣ 𝑣(𝑠) ∣∣2 𝑑𝑠

 (4.3) 

 

The first term on the right-hand side of (4.3) yields 

∫
∣∣ 𝑦0 − 𝑥10 ∣∣2

𝐴4

𝜃

0

𝑎2(𝑠)𝑑𝑠 =
∣∣ 𝑦0 − 𝑥10 ∣∣2

𝐴4
∫ 𝑎2

𝜃

0

(𝑠)𝑑𝑠

=
∣∣ 𝑦0 − 𝑥10 ∣∣2

𝐴4
𝐴2 =

∣∣ 𝑦0 − 𝑥10 ∣∣2

𝐴2

 (4.4) 

 

For the second term, the inclusion 𝑦(𝜃) ∈ Ω implies that 

2⟨𝑦0, −𝑥10𝑦(𝜃)⟩ ≤ 𝐴2(𝛽1
2 − 𝛾2𝜃)+∣∣ 𝑦0 ∣∣2 −∣∣ 𝑥10 ∣∣2.  (4.5) 

 

In accordance with the inequality (4.5) and using the state equation of the evader (2.5), we have 
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∫ 2
𝜃

0

⟨
𝑎(𝑠)(𝑦0 − 𝑥10)

𝐴2 ,
𝑏(𝑠)
𝑎(𝑠)

𝑣(𝑠)⟩ 𝑑𝑠 = ∫
2

𝐴2

𝜃

0

⟨𝑦0 , −𝑥10𝑏(𝑠)𝑣(𝑠)⟩𝑑𝑠

=
2

𝐴2
⟨𝑦0, −𝑥10 ∫ 𝑏

𝜃

0
(𝑠)𝑣(𝑠)𝑑𝑠⟩

=
2

𝐴2
⟨𝑦0, −𝑥10𝑦(𝜃) − 𝑦0⟩

=
1

𝐴2
(2⟨𝑦0 , −𝑥10𝑦(𝜃)⟩ − 2⟨𝑦0 , −𝑥10𝑦0⟩)

=
1

𝐴2
(2⟨𝑦0, −𝑥10𝑦(𝜃)⟩ − 2 ∣∣ 𝑦0 ∣∣2+ 2⟨𝑥10, 𝑦0⟩)

≤
1

𝐴2
(𝐴2(𝛽1

2 − 𝛾2𝜃)−∣∣ 𝑦0 − 𝑥10 ∣∣2)

≤ 𝛽1
2 − 𝛾2𝜃 −

∣∣ 𝑦0 − 𝑥10 ∣∣2

𝐴2
.

 (4.6) 

The third term in (4.3) yields 

∫
𝑏2(𝑠)

𝑎2(𝑠)

𝜃

0

∣∣ 𝑣(𝑠) ∣∣2 𝑑𝑠 ≤ ∫ ∣
𝜃

0

∣ 𝑣(𝑠) ∣∣2 𝑑𝑠 ≤ 𝛾2𝜃.  (4.7) 

 

Clearly, using the inequalities (4.4), (4.6) and (4.7) in equation (4.3), we obtained 

∫ ∣
𝜃

0

∣ 𝑢(𝑡) ∣∣2 𝑑𝑡 ≤ 𝛽1
2 (4.8) 

 

Lastly, if the pursuer 𝑃1 uses the strategy (4.2) then we have 𝑥1(𝜃) = 𝑦(𝜃) . Indeed, 

𝑥1(𝜃) = 𝑥0 + ∫ 𝑎
𝜃

0
(𝑠) (

𝑎(𝑠)(𝑦0−𝑥10)

𝐴2 +
𝑏(𝑠)

𝑎(𝑠)
𝑣(𝑠)) 𝑑𝑠 = 𝑥10 + ∫ (

𝑦0−𝑥10

𝐴2 )
𝜃

0

𝑎2(𝑠)𝑑𝑠 + ∫ 𝑏
𝜃

0
(𝑠)𝑣(𝑠)𝑑𝑠 = 𝑥10 +

𝑦0 − 𝑥10 + ∫ 𝑏
𝜃

0
(𝑠)𝑣(𝑠)𝑑𝑠 = 𝑦(𝜃). 

5. Main Result 

In this section, we present the main result of the paper. That is we construct optimal strategies of the players and 

find the value of the game. Firstly, we present some useful lemmas in the presentation of the main result. 

Lemma 5.1. (see [9], Assertion 4) If there exists a nonzero vector 𝑝0 such that ⟨𝑦0, −𝑥𝑖0𝑝0⟩ ≥ 0, for all 𝑖 ∈ 𝐼 , 

and 𝐵𝑟(𝑦0) ⊂ ⋃ 𝐵𝑅𝑖
𝑖∈𝐼

(𝑥𝑖0) then 𝐵𝑟(𝑦0) ⊂ ⋃ 𝑋𝑖𝑖∈𝐼
 , where; 

Lemma 5.2. (see [9], Assertion 5) Let inf𝑖∈𝐼𝑅𝑖 = 𝑅0 > 0 , If there exists a nonzero vector 𝑝0 such 

that ⟨𝑦0, −𝑥𝑖0𝑝0⟩ ≥ 0 for all 𝑖 ∈ 𝐼 and for any 𝜖 > 0 the set ⋃ 𝐵𝑅𝑖−𝜖
𝑖∈𝐼

(𝑥𝑖0) does not contain the ball 𝐵𝑟(𝑦0) , 

then there exist a point 𝑦̅ ∈ 𝑆𝑟(𝑦0) such that ∣∣ 𝑦̅ − 𝑥𝑖0 ∣∣≥ 𝑅𝑖 for all 𝑖 ∈ 𝐼 . 

We define a positive number 𝜙 by 

𝜙 = inf {𝑙 ≥ 0: 𝐵𝑟(𝑦0) ⊂ ⋃ 𝐵𝑅𝑖+𝑙

𝑖∈𝐼

(𝑥𝑖0)} ,  (5.1) 

 

where 𝑅𝑖 = 𝐴𝛽𝑖 and 𝑟 = 𝐵𝛾𝜃 . 

Theorem 5.1. If there exists a nonzero vector 𝑝0 such that ⟨𝑦0, −𝑥𝑖0𝑝0⟩ ≥ 0 , for all 𝑖 ∈ 𝐼 , then the 

number 𝜙 defined by (5.1) is the value of the game (2.1)- (2.3). 

Proof To prove this theorem, we first introduce dummy pursuers with state variables 𝑧𝑖 , 𝑖 ∈ 𝐼 and motions 

described by the equations 

𝑧̇𝑖 = 𝑤𝑖(𝑡), 𝑧𝑖(0) = 𝑥𝑖0, 
 

where the control function 𝑤𝑖(𝑡) is such that 

(∫ ∣
𝜃

0

∣ 𝑤𝑖(𝑠) ∣∣2 𝑑𝑠)

1
2

≤ 𝛽̅𝑖 = 𝛽𝑖 +
𝜙

𝐴
. 

 

Clearly, 𝛽̅𝑖 > 𝛽𝑖 and (𝛽̅𝑖 − 𝛽𝑖)𝐴 = 𝜙 . Let strategies of the dummy pursuers 𝑧𝑖 , 𝑖 ∈ 𝐼 be defined by 
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𝑤𝑖(𝑡) = {

𝑎(𝑡)(𝑦0 − 𝑥𝑖0)

𝐴2
+

𝑏(𝑡)

𝑎(𝑡)
𝑣(𝑡), 0 ≤ 𝑡 ≤ 𝜏,

0, 𝜏 < 𝑡 ≤ 𝜃,

 (5.2) 

 

where 𝜏 is the time such that 

∫
∣
∣
∣𝑎(𝑡)(𝑦0 − 𝑥𝑖0)

𝐴2
+

𝑏(𝑡)

𝑎(𝑡)
𝑣(𝑡)

∣
∣
∣
2

𝜏

0

𝑑𝑡 = 𝛽̅𝑖 . 

 

Using the strategy of the dummy pursuer, we define the strategies of the real pursuers 𝑃𝑖  as follows: 

𝑢𝑖(𝑡) =
𝛽𝑖

𝛽𝑖

𝑤𝑖(𝑡).  (5.3) 

 

In accordance with the payoff of the game Ψ(𝑢, 𝑣) = inf𝑖∈𝐼 ∣∣ 𝑥𝑖(𝜃) − 𝑦(𝜃) ∣∣ , the number 𝜙 defined in (5.1) is 

the value of the game if the following inequalities are satisfied: 
(i) sup𝑣(⋅)Ψ(𝑢𝑖 , 𝑣) ≤ 𝜙, (ii) inf𝑢𝑖(⋅)Ψ(𝑢𝑖 , 𝑣) ≥ 𝜙, 

where 𝑣(⋅) and 𝑢𝑖(⋅) are arbitrary admissible controls of the evader 𝐸 and pursuers 𝑃𝑖  respectively. 

To prove the inequality (i), by definition of 𝜙 , we have 𝐵𝑟(𝑦0) ⊂ ⋃ 𝐵𝑅𝑖

∞

𝑖=1
(𝑥𝑖0) . Then using lemma (5.1), we 

have 𝐵𝑟(𝑦0) ⊂ ⋃ 𝑋𝑖
∞

𝑖=1
 , where 

Consequently, the point 𝑦(𝜃) ∈ 𝐵𝑟(𝑦0) belong to some half space 𝑋𝑠 , 𝑠 ∈ 𝐼 . By lemma (4.1) for strategy (5.2) 

of the dummy pursuers 𝑧𝑖 , we obtain 𝑧𝑠(𝜃) = 𝑦(𝜃) . By taking account of (5.3), we have 
∣∣ 𝑦(𝜃) − 𝑥𝑠(𝜃) ∣∣ = ∣∣ 𝑧𝑠(𝜃) − 𝑥𝑠(𝜃) ∣∣

=
∣
∣
∣
∣
∣

∣
∣
∣
∣
𝑥𝑖0 + ∫ 𝑎

𝜃

0

(𝑡)𝑤𝑠(𝑡)𝑑𝑡 − 𝑥𝑖0 − ∫ 𝑎
𝜃

0

(𝑡)𝑢𝑠(𝑡)𝑑𝑡
∣
∣
∣
∣

∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣

∣
∣
∣
∣
∫ 𝑎

𝜃

0

(𝑠)𝑤𝑠(𝑡)𝑑𝑡 − ∫
𝛽𝑠

𝛽𝑠

𝜃

0

𝑎(𝑠)𝑤𝑠(𝑡)𝑑𝑡
∣
∣
∣
∣

∣
∣
∣
∣
∣

≤ ∫
∣
∣
∣
(1 −

𝛽𝑠

𝛽𝑠

) 𝑎(𝑠)𝑤𝑠(𝑡)
∣
∣
∣

𝜃

0

𝑑𝑡

≤ (
𝛽𝑠 − 𝛽𝑠

𝛽𝑠

) ∫ ∣
𝜃

0

∣ 𝑎(𝑠)𝑤𝑠(𝑡) ∣∣ 𝑑𝑡

 (5.4) 

 

Using Cauchy- Schwartz inequality, we have 

∫ ∣
𝜃

0

∣ 𝑎(𝑠)𝑤𝑠(𝑡) ∣∣ 𝑑𝑡 ≤ (∫ 𝑎2
𝜃

0

(𝑡)𝑑𝑡)

1
2

(∫ ∣
𝜃

0

∣ 𝑤𝑠(𝑡) ∣∣2 𝑑𝑡)

1
2

≤ 𝐴𝛽̅𝑠 (5.5) 

 

Therefore, from inequality (5.4) and (5.5), we have ∥ 𝑦(𝜃) − 𝑥𝑠(𝜃) ∥≤ 𝜙 . This prove the inequality (i). 

To prove the inequality (ii). If 𝜙 = 0 , the inequality follows for any admissible control of evader. Suppose 

that 𝜙 > 0 and let the evader uses the strategy 

𝑣(𝑡) =
𝑏(𝑡)

𝐵2
(𝑦̅ − 𝑦0), 0 ≤ 𝑡 ≤ 𝜃.  (5.6) 

 

By the definition of 𝜙 , and for any 0 < 𝜖 < 𝜙 , the ball 𝐵𝑟(𝑦0) is not contained in the set ⋃ 𝐵𝑅𝑖

∞

𝑖=1
(𝑥𝑖0) . Then 

by lemma (5.2), there exist a point 𝑦̅ ∈ 𝑆𝑟(𝑦0) , such that 

∣∣ 𝑦̅ − 𝑥𝑖0 ∣∣≥ 𝑅𝑖.  (5.7) 
 

In accordance with the inequalities (3.1) and (5.7), we have for all 𝑖 ∈ 𝐼 

∣∣ 𝑦̅ − 𝑥𝑖(𝜃) ∣∣≥∣∣ 𝑦̅ − 𝑥𝑖0 ∣∣ −∣∣ 𝑥𝑖0 − 𝑥𝑖(𝜃) ∣∣≥ 𝐴𝛽𝑖 + 𝜙 − 𝐴𝛽𝑖 = 𝜙. 
The control (5.6) brings the evader to the point 𝑦̅ at the time 𝜃 . This claim can be proved as follows: 

𝑦(𝜃) = 𝑦0 + ∫ 𝑏
𝜃

0
(𝑠)𝑣(𝑠)𝑑𝑠 = 𝑦0 + ∫

𝑏2(𝑠)

𝐵2

𝜃

0

(𝑦̅ − 𝑦0)𝑑𝑠 = 𝑦0 +
1

𝐵2
(𝑦̅ − 𝑦0) ∫ 𝑏2𝜃

0
(𝑠)𝑑𝑠 = 𝑦0 + 𝑦̅ − 𝑦0 = 𝑦̅. 

Thus, inf𝑖∈𝐼 ∥ 𝑥𝑖(𝜃) − 𝑦(𝜃) ∥≥ 𝜙 . This proves the inequality (ii). Hence, the proof the theorem is complete. 
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6. Example 

We consider a game problem in which the players dynamics equations are given by 

where the controls 𝑢𝑖(𝑡) and 𝑣(𝑡), 𝑡 ∈ [0, 𝜃] satisfy (2.2) and (2.3) respectively. Clearly, 𝑏(𝑡) = 𝑒−𝑡 ≤ 𝑒𝑡 =

𝑎(𝑡) for all 𝑡 . Let 𝑦0 = 𝟎 = (0, 0, 0, … ) and 𝑥𝑖0 = (0, 0, … , √13, 0, … ) where the number √13 is in 

the 𝑖𝑡ℎ coordinate. Suppose that 𝜃 = ln 2 and the maximum energy of the 𝑖𝑡ℎ pursuer is 𝛽𝑖 = √6 for all 𝑖 ∈ 𝐼 . 

Also let the maximum speed of the evader be given by 𝛾 =
2√2

ln 2
 . In relation to these assumptions, observe that 𝑅𝑖 =

3 ; 𝑟 = √3 . 

We now claim the following: 

(1) 𝐵√3(𝟎) ⊂ ⋃ 𝐵4+𝑙𝑖∈𝐼
(𝑥𝑖0) holds for any 𝑙 > 0 (2) The set ⋃ 𝐵4𝑖∈𝐼

(𝑥𝑖0) does not contained the ball 𝐵√3(𝟎) . 

In view of these claims, then according the the Theorem 5.1 the value of the game (6.1) is given by 𝜙 = 1 . With 

this, it remains to prove the two claims. 

To prove the first claim, let 𝑦̃ ∈ 𝐵√3(𝟎) then we have ∑ 𝑦̃𝑖
2

𝑖∈𝐼
≤ 3 . Then the vector 𝑦̃ has a nonnegative 

coordinate or all the coordinates are negative.  

 

Interception Conditions in Multi-Agent Pursuit-Evasion Games 

∥ 𝑦̃ − 𝑥𝑘0 ∥ = ((√13 − 𝑦̃𝑘)
2

+ ∑ 𝑦̃𝑟
2

𝑘−1

𝑟=1
+ ∑ 𝑦̃𝑟

2
∞

𝑟=𝑘+1
)

1
2

= (13 − 2𝑦̃𝑟 + ∑ 𝑦̃𝑟
2

∞

𝑟=1
)

1
2

≤ (13 − 2𝑦̃𝑟 + 3)
1
2 ≤ 4 < 4 + 𝑙.  (6.1)

 

 

This means that 𝑦̃ ∈ 𝐵4+𝑙(𝑥𝑘0). Moreover, if all the coordinates of 𝑦̃ are negatives then for sufficiently large 𝑘, 

the inequality (6.1) holds. This is because, by the convergence of the series ∑ 𝑦̃𝑟
2∞

𝑟=1
, we have 𝑦̃𝑘 approaches zero 

as 𝑘 approaches infinity. In the other hand, any point 𝑦̃ ∈ 𝑆√3(𝟎) whose coordinates are negatives does not 

belongs to to the set ⋃ 𝐵4𝑖∈𝐼
(𝑥𝑖0). This is because ∥ 𝑦̃ − 𝑥𝑖0 ∥= (16 − 2𝑦̃𝑟)

1

2 > 4 for all 𝑖 ∈ 𝐼. Hence the value 

of the game is the number 

𝜑 = {𝑙 ≥ 0: 𝐵√3(𝟎) ⊂ ⋃ 𝐵3+𝑙

𝑖∈𝐼

(𝑥𝑖0)} = 1. 

 

7. Conclusion 

We have studied pursuit-evasion differential game in which a multiple number pursuers chased one evader in a 

Hilbert space 𝑙2. Control function of each pursuer and evader are subject to integral and geometric constraints 

respectively. We found value of the game under certain conditions and constructed optimal strategies of the 

players. The result presented comprises solution of an auxiliary game and a theorem. The auxiliary game involves 

one pursuer and evader in which we proved that it is possible the pursuer to achieve the equality 𝑥1(𝜃) = 𝑦(𝜃). 

This is shown when the pursuer adapts a strategy different from the strategy of parallel approach. The theorem is 

the main result which provides sufficient conditions for finding value of the game. 
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